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Direct Simulation of Diatomic Gases Using the Generalized
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The generalized hard sphere model that incorporates the effects of attraction and repulsion is examined.
First, the model is used to study simple adiabatic heat baths. Then, it is used to predict flow measurements in
tests involving extremely low freestream temperatures. For the two cases considered, a Mach 26 nitrogen shock
and a Mach 20 nitrogen flow over a flat plate, only rotational excitation is deemed important, and appropriate
modifications for the Borgnakke-Larsen procedure are developed. In general, for the cases considered, the
present model showed a modest improvement over the variable hard sphere model.

Nomenclature
c,. = relative velocity
Ec = total collision energy
EJ = collision internal energy
E, = rotational energy
E, = relative translational energy
/ = distribution function
k = Boltzmann constant
mr = reduced mass
n = number density
P = inelastic collision probability
T = temperature
T() = reduced temperature
Tr = rotational temperature
i = average number of collisions per particle
Rf = random fraction
r = intermolecular distance
Z = relaxation number
a,, as, w,, a>2 = generalized hard sphere parameters
F = gamma function
E = potential well-depth energy
£j = particle internal energy
£ = internal DOF
77 = inverse power law exponent
K, K' = force constants
v, v' = attractive-repulsive force law exponents
CT = intermolecular separation at which

potential is zero
<TT = total collision cross section
rc. = mean collision time
11 = collision integral
o) = variable hard sphere exponent
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Introduction

T HE direct simulation Monte Carlo (DSMC) method of
Bird1 has been very successful at accurately simulating

low-density flows. To implement the method, a collision model
must be selected. The most widely used model is the variable
hard sphere (VHS) model of Bird.2 In this model, molecules
scatter like hard spheres, and the total cross section has a
velocity dependence typical of a repulsive inverse power law.
The exponent of the power law is inferred from viscosity
measurements. For flow conditions where the temperature
ranges from tens to thousands of degrees, one exponent is
not sufficient to fit the viscosity data. The generalized hard
sphere (GHS) model3-4 overcomes this problem by employing
an interaction model that allows for both attraction and re-
pulsion.

Most of the low-density experimental tests are carried out
in facilities where the freestream temperature is of the order
of tens of degrees Kelvin. At such temperatures, the attractive
part of an interaction potential cannot be neglected. In order
to be able to interpret test results accurately, a DSMC for-
mulation with an interaction potential that allows for both
attraction and repulsion must be used. The GHS model pro-
vides such a potential. Therefore, the goal of this work is to
investigate the usefulness of the GHS model in predicting
flow properties in existing test facilities. Two cases are se-
lected for this investigation: 1) a Mach 26 nitrogen shock5 and
2) a Mach 20 nitrogen flow over a flat plate.6 In both of these
experiments, rotational excitation plays an important role.
Because of this, expressions needed for the implementation
of the Borgnakke-Larsen7 procedure for rotational relaxation
were developed for the GHS model. In addition, it became
evident that the widely used rotational relaxation number
developed by Parker8 is only valid for a hard sphere model.
The expression was rederived for both the VHS and GHS
models; however, in order to insure comparisons only be-
tween the collision models, the same rotational relaxation
numbers were employed in all simulations. Results using both
collision models were compared with the shock measurements
of Smith.5

GHS Model
The generalized hard sphere model can be thought of as a

simple extension of the VHS model that allows for both at-
traction and repulsion. In both models, molecules scatter like
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hard spheres. The total cross section for the VHS model can
be written as

0>,ref

E, = ^mrc2
r

while the GHS model assumes

(1)

(2)
The CD in Eq. (1) is related to the exponent of the repulsive
force

F = by = [2/(ry - 1)] (3)

On the other hand, if two terms in the series indicated in Eq.
(2) are considered, then col and co2 are related to the exponents
of a repulsive, weakly attractive force of the type

F = (jc/r") - (icYr"')

by

v - 1'
2 + v - v'

v - 1

(4)

(5)

The parameters a{ and a2 are determined from viscosity or
binary diffusion data or their related cross sections, depending
on whether the interaction is between like or unlike mole-
cules. The parameters a>l and co2 can be inferred in the same
way or, by choosing a particular interaction law, i.e., Lennard-
Jones (12-6) potential for which oj{ = i and a)2 = §.

This GHS model can be incorporated into all the expres-
sions necessary for the DSMC method such as the probabil-
ities for collision, internal energy exchange, and reactions.
The expressions for these quantities are given in Ref. 4.

Low Enthalpy Nitrogen Flows
The flows considered in this work5-6 exhibit low-tempera-

ture regions in which the attractive portion of the potential
is important. These type of flows are examined to demonstrate
the advantages of using the GHS model compared to the
traditional VHS model. All the considered flows consist of a
single diatomic gas: nitrogen. The flows have a low total en-
thalpy such that no reactions or vibrational excitation occurs.

The only interaction that must be modeled is that of the
N2-N2 collision. Because of the need for low-temperature ac-
curacy, the viscosity cross sections of Neufeld et al.9 have
been used to determine the parameters in the GHS expres-
sion. These empirical equations allow the calculation of the
viscosity collision integral, H(2 2), for the Lennard-Jones (12-
6) potential for reduced temperatures in the range 0.3 < T°
< 100 with error less than 0.03% (T° = kTle). The parameters
cr and elk for nitrogen are taken from Svehla10 and are 3.798
A and 71.4 K, respectively. Table 1 gives the parameters for
the GHS model for this interaction, and Fig. 1 gives a com-
parison of the first approximation to the viscosity between
the correlation, the GHS, and VHS models. The parameters
for the VHS model for nitrogen were taken from Bird2 and
are given in Table 2.

Table 1 Parameters for GHS model for
nitrogen for temperatures up to 2500 K

2.32842 6.54333 0.0280087 0.777166

Table 2 Parameters for
VHS model for nitrogen

w drcf, A

0.24 4.07

From Fig. 1, it is seen that the GHS model reproduces the
viscosity at lower temperatures more accurately than the VHS
model. In fact, the GHS model accurately reproduces the
viscosity over the entire temperature range shown. This leads
to an important point about the GHS model; it can be used
for any temperature range and is not just specific to low-
temperature applications.

The main difference between the two models can be seen
through their representation of the quantity crrcr/(o-rcr)max.
This quantity represents the collision probability for a pair of
molecules selected at random in a given cell. Figure 2 com-
pares aTcr for a repulsive, attractive, and attractive-repulsive
potential. As seen from the figure, the quantity increases with
an increasing relative velocity for a repulsive potential, and
decreases with an increasing relative velocity for an attractive
potential. In other words, the majority of collisions for re-
pulsive potentials involve particles with the higher energies,
whereas the majority of collisions for attractive potentials
involve particles with the lower energies. The situation is a
hybrid of the two for attractive-repulsive potentials. For higher
temperatures or higher average relative velocities, repulsive
collisions will dominate. For much lower temperatures or lower
average relative velocities, attractive collisions will dominate.
The figure demonstrates that without the attractive compo-
nent the VHS model has no way of accounting for the ten-
dency of attractive collisions to dominate at lower tempera-
tures.

Since the flows considered involve internal energy, a mech-
anism for internal energy exchange must be employed. For

KT
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Fig. 1 Viscosity coefficient for nitrogen.
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Fig. 2 Behavior of collision probabilities for different potentials.
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the DSMC method, this is traditionally done with the Borg-
nakke-Larsen7 method. This method has been modified for
the GHS model, and those modifications along with all the
necessary expressions for implementation of the method fol-
low.

Borgnakke-Larsen Model
The Borgnakke-Larsen model for polyatomic gases is out-

lined next. In this model, a fraction of the collisions are re-
garded as completely inelastic, and new values of the internal
and translational energies are sampled from equilibrium dis-
tributions. The remainder of the collisions are regarded as
elastic, and no internal energy exchange occurs. The following
section describes the partitioning of energy when a collision
is determined to be inelastic.

The internal energy of a collision pair is the sum of the
internal energies of the components

E,- = (6)

The distribution function for the internal energy of a single
molecule can be written as11

(7)

where £, is the number of internal DOF of molecule 1, i.e.

Ci =

where subscripts r and v refer to rotation and vibration. The
total fraction of pairs with internal energy E{ is proportional
to fE. where1

fE. (8)

where £ = [(£ + £2)/2]. It is shown in Ref. 4 that the dis-
tribution of Et is given by

(9)

The total energy Ec in the collision is the relative transla-
tional energy and the combined internal energy, i.e.

Ec = Et E,

The probability of a particular pair of values Et and Et is
proportional to the product of /£. and/Er, or

fE/Ei (10)

For each inelastic collision, a postcollision value E* is sam-
pled from this distribution by the acceptance-rejection method.
This entails finding the maximum of Eq. (10) and taking the
ratio of Eq. (10) to its maximum. Let

x = (E,/e), = (EJs)

then the maximum of Eq. (10) follows from determining the
maximum of the quantity

G(x) = (a,*1-"! + a^'-^Xf - x)f~l

Setting the derivative of G(x) to zero gives

(f - *)<-2M«>i - f)*1— i + a2(o>2 - f)*'"*

= 0 (11)

Ignoring x — £, the root x* is found by iteration. The nor-
malized distribution function is obtained from

F(x) = G(x)/G(x*) (12)

When £ = 1, x* is chosen as f. This same choice is made
with the VHS model. The acceptance-rejection method is
implemented as follows. The current random number Rf (be-
tween 0-1) gives

E, = R,EC, E, = Ec- Et (13)

Eq. (13) is substituted into Eq. (12), and the value of F is
compared with another Rf. If F < Rf, another choice of Rf is
made and the process is repeated. Otherwise, Eq. (13) is
accepted. The internal energy is divided in a manner similar
to that employed in Ref. 1.

The additional iteration required to find the maximum of
Eq. (10) is a major disadvantage of the GHS model because
it decreases computational efficiency. The Borgnakke-Larsen
method provides an average split of energies equal to the
ratio of the DOF of the mode being partitioned to the total
number of DOF to ensure detailed balance. Because of this,
we can replace fEt in Eq. (9) by a Hinshelwood type distri-
bution [see Eq. (7)] with a £, given from

E, = (£,/2)kT (14)

where

= 2 2 -

(«1/a2)[r(2 - w t)/r(2 - a>2)](kT/e) (15)

With this choice, all computational procedures employed in
the VHS computation can be implemented for the GHS model.
The only additional complexity is that resulting from a cal-
culation of a cell temperature. This approximation will allow
for detail balance; i.e., all modes, if allowed to relax to equi-
librium, will converge to the same temperature. The simpli-
fication in the numerical procedure outlined above yields the
correct macroscopic properties. However, the details of the
distribution will be different because Eq. (9) is not exactly of
the type indicated in Eq. (7).

A crucial part of the Borgnakke-Larsen method is the de-
termination of the probability of an inelastic collision. For
many years, it was thought that this probability should be
written as

P = (1/Z) (16)

However, this is not true in general; the form of the proba-
bility function largely depends on the selection methodology
used in employing the probability and the relaxation rate
equation specified. The details of the proof cannot be pre-
sented here due to its length, but have been thoroughly ex-
plicated in Haas et al.12

The present work uses a pair selection methodology for the
Borgnakke-Larsen method in which the probability is applied
to the pair of colliding particles, and both relax if the event
is accepted. This is in contrast to the typical selection meth-
odology used in Bird's codes: the particle selection method
in which each colliding particle is checked for relaxation. From
considerations of Jeans13 equation as related to the Borg-
nakke-Larsen model, Lumpkin et al.14 have shown that the
correct choice of the probability for the pair selection meth-
odology for rotational relaxation is

PR = [(1 (17)
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Fig. 3 Theoretical and experimental rotational relaxation numbers
for nitrogen.

where £, is the relative translational DOF, £R is the sum of
the rotational DOF of the colliding molecules, and ZR is the
rotational relaxation number. An expression similar to Eq.
(17) for the particle selection method is derived in Ref. 12.
Results using this model produce the same results as the pair
selection model as long as the correct probabilities are used
in each case. As such, they are included here.

Recent investigators using a temperature-dependent relax-
ation number for ZR have employed Parker's formula [Eq.
(45) of Ref. 8]. This widely used formula is obtained by in-
tegrating Eq. (40) in Ref. 8, assuming a hard sphere model.
Thus, the formula must be adjusted if an interaction model
other than a hard sphere model is used. Making the same
approximation introduced by Parker in order to obtain an
analytical expression for ZR, one finds that for a variable hard
sphere model, the formula takes the form

bc,VHS,i

Adiabatic heat bath relaxation with Tt = 1000 K.

LJJ

of
VMS

GHS

"c.VHS,!

Fig. 5 Adiabatic heat bath relaxation with Tt = 20 K.
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For the GHS model, Parker's formula is

- + 2

2 - a>i
2 **•*

(19)

Both expressions reduce for a hard sphere model to the orig-
inal Parker formula corrected by Brau and Jonkman.13 Figure
3 shows the comparisons between the different Parker for-
mulas for typical constants used for nitrogen.

GHS Model Validation
In order to make sure that the GHS model has been im-

plemented correctly, several simulations of the thermal re-
laxation of the translational and rotational modes of nitrogen
in an adiabatic heat bath have been carried out. For these
test cases, all energy is assumed initially to be in the trans-
lational mode with the rotational mode being vacant. The
energies are then allowed to relax toward equilibrium. A
constant rotational relaxation number of 5 is specified for all
simulations. Two separate conditions are considered: 1) a
high-temperature case with an initial translational tempera-
ture of 1000 K and 2) a low-temperature case with an initial

translational temperature of 20 K. For both conditions, the
VHS and GHS models are employed. Figure 4 depicts the
rotational relaxation plotted in time for both models for the
high-temperature case. The time axis is normalized by the
initial mean collision time for the VHS model denoted by
TC,VHS,/- In tne figure, Er is the rotational energy, and EX00)
is the equilibrium value of the rotational energy. Both models
predict similar relaxation at this high temperature because the
effect of the attractive component in the GHS model is neg-
ligible. Figure 5 depicts a drastically different result for the
low-temperature case. The relaxation as determined with the
GHS model is significantly faster than that calculated by the
VHS model. Here, we see clearly the importance of the at-
tractive term in the GHS model. To be sure that all results
were calculated correctly, the relaxation of the rotational en-
ergy was plotted vs the average number of collisions per par-
ticle denoted as f (Fig. 6). As discussed in Haas et al.,12 all
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Fig. 6 Adiabatic heat bath results plotted against the average number
of collisions per particle.

the curves should coincide. This is the case that validates the
implementation of the GHS model.

Results
One-Dimensional Nitrogen Shock Calculations

The GHS model is used to simulate the Mach 26 nitrogen
shock wave experiment by Smith.5 In this experiment, nitro-
gen is expanded in a conical nozzle in which a cylindrical brass
shock holder is positioned. The electron-beam fluorescence
technique is employed, and measurements of density and ro-
tational temperature through the shock were obtained. The
stagnation temperature and pressure for the experiment were
1300 K and 200 psia, respectively, corresponding to low-en-
thalpy conditions. Thus, reactions and vibrational excitation
could be neglected in the simulation. The full experimental
flow is not simulated; instead, a one-dimensional normal shock
is used to represent the experiment. In order to measure the
usefulness of the GHS model, comparisons are made between
it, the VHS model, and the experiment.

Recently, Boyd16 has also considered this experiment using
the VHS model and a Sutherland viscosity model. It should
be noted that the Sutherland viscosity model is a special case
of the GHS model with w t = 0.0 and a)2 = 1.0. In his in-
vestigation, Boyd used a limiting value of ZR of 18 with a
value of T* of 91.5 K as suggested by Mason and Monchick.17

These parameters have been adopted for this investigation.
To stress the importance of using the appropriate relaxation

probabilities, Fig. 7 shows the results obtained using the VHS
model without the correction suggested by Lumpkin et al.14

using Parker's original formula. The modified Parker's for-
mulas were not used, because this would result in the im-
position of different relaxation numbers for the two cases. It
was important for the comparisons to be made only between
the collision rates of the models so as to determine the effect
of attraction. As is seen from the figure, the comparison to
the measurements of rotational temperature is extremely poor.
Also, the overall shock thickness is overpredicted.

Figure 8 provides the results for both the GHS and VHS
models using Parker's original formula using the corrected
probabilities. As reported by Smith,5 the data in the rear
portion of the shock is not reliable due to heat transfer effects
between the gas and the brass shock holder. Given this, com-
parison for both the GHS and VHS models is good in the
forward portion of the shock. The GHS shows an improve-
ment over the VHS model in producing a thinner shock.
Because of the extremely cold temperature upstream, the
attractive portion of the potential is important. The GHS
collision frequency is increased over that of the VHS model
in the cold temperature region due to the modeling of the
effects of attraction, thus providing a more accurate simula-
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Fig. 7 Uncorrected VHS simulation of Mach 26 nitrogen shock wave.
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Fig. 8 VHS and GHS simulations of Mach 26 nitrogen shock wave.

tion of the shock thickness. The predictions of the number
density distributions are excellent; however, neither model is
predicting the rotational temperature well in the most forward
portion of the shock. One possible explanation is that the
experiment of Smith may have had some trace impurity tha't
would have caused faster relaxation rates. Another could be
errors associated with measuring the rotational distribution
at low temperatures.5 These issues are just some of the factors
that complicate efforts to simulate rotational relaxation.
Nonetheless, the GHS model shows improvement over the
VHS model for the value of ZR^ employed.

Flat Plate Heat Transfer Calculations
Recently, at the Eighteenth International Symposium on

Rarefied Gas Dynamics, Allegre et al.6 presented experi-
mental measurements of density and surface heat flux for a
flat plate with a truncated leading edge in a hypersonic low-
density nitrogen flow. The experiment was conducted in a
wind tunnel in which the flow expanded through a conical
nozzle. The experimentalists report the existence of both
transverse and longitudinal gradients through the test section.
Thus, the flow around the flat plate is decidedly three di-
mensional. However, for the sake of simplicity, the investi-
gators assumed the flow to be two dimensional in the plane
of symmetry, and carried out both two-dimensional Navier-
Stokes and DSMC calculations to compare with their exper-
iments. One particular case was of significant interest. For
this case, the upstream Mach number was 20 with a Reynolds
number of 8.38 x 103 based on the flat plate length of 10 cm.
The stagnation temperature and pressure were 1100 K and
10 bars, respectively, corresponding to low-enthalpy condi-
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tions. For this particular case, the investigators acquired a
very good comparison between the Navier-Stokes and ex-
perimental measurements of surface heat flux. However, the
DSMC results showed as much as a 50% difference between
the simulation and experiment. Since the experimental error
in the heat transfer measurements was reported not to have
exceeded 10%, it would appear that the DSMC method is
not capturing some important aspect of the physics of the
problem.

It is the purpose of this investigation to explore the reasons
in the discrepancy between the DSMC and experimental re-
sults. The upstream temperature for this experiment was 14
K. Since the attractive portion of the potential well is im-
portant at such a cold temperature, it is thought that more
accurate modeling of the interaction law using the GHS model
may lead to improved results. A second explanation for the
discrepancy might be the fact the upstream conditions were
nonuniform because of the use of a conical nozzle as described
by Allegre et al.18

The present investigators also assumed the flow over the
plane of symmetry of the flat plate to be essentially two di-
mensional. As seen in Fig. 9, the grid used for this simulation
depicts a two-dimensional flat plate with a blunt leading edge
of finite thickness, and is composed of 6 regions and 6300
cells. Both GHS and VHS models were employed with and
without freestream nonuniformities, and all calculations used
an accommodation coefficient of 1. Also, calculations were
carried out using an infinitely thin flat plate simulation of the
experiment using the VHS model employing 4275 cells. Figure
10 shows the experimental heat transfer distribution com-
pared with the calculations of Allegre et al. and the present
investigators. There is a discrepancy between the infinitely
thin flat plate results and the finite thickness results over the
first tenth of the plate. Besides this, all DSMC calculations
compare very well to one another, and none compare well to
the experiment. The effect of introducing the GHS model or
the freestream nonuniformities had little effect on the heat
transfer calculations as well as the density calculations. Figure

Fig. 9 Grid for flat plate simulation.

3500
o Experiment
^ Allegre et al (DSMC)
n Infinitely thin flat plate

— GHS w/o Nonuniformities
— - - VHSw/Nonuniformities
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Fig. 10 Flat plate heat transfer distributions.
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Fig. 11 Flowfield density contours for the GHS simulation with free-
stream nonuniformities.

11 shows the density contours normalized with respect to
freestream for the GHS model with freestream nonunifor-
mities. The results obtained here compare reasonably well to
the results given by Allegre and Raff in19 for the lower portion
of the shock. However, the discrepancy between the DSMC
and experimental results for the surface heat transfer is still
left to be explained. It is possible that because of the conical
nature of the nozzle a three-dimensional simulation of the
entire nozzle and test section might be necessary in order to
accurately capture the physics of this problem. Recently,
Nance20 has simulated this experiment using the three-di-
mensional DSMC code of Rault et al.21 He was unable to
reproduce the experimental data. Instead, his results show
agreement with the other DSMC simulations that would dis-
count the effects of the three-dimensional nature of the flow
in the plane of symmetry. It is possible, but unlikely, that a
better means of modeling the gas-surface interaction is nec-
essary. All DSMC simulations discussed to this point have
used accommodation coefficients of 1; a slightly lower accom-
modation factor would decrease the heat transfer calculations.
Allegre et al.6 did see a slight improvement in their results
for similar flat plate experiments using an accommodation
coefficient* of 0.8. However, because we are dealing with an
engineering surface, it is expected that full accomodation is
achieved. Finally, simulations assumed that the experimen-
tally quoted Mach and Reynolds numbers were correct. If
this was not the case, then a possible explanation for the
discrepancies between experiment and simulation may result.

Concluding Remarks
Based on simple heat bath calculations, differences are noted

between the GHS and VHS models at low temperatures.
Because the GHS model gives a better fit of the viscosity over
a much wider temperature range, it is deemed that it is an
improvement over the VHS model. Small differences between
the two models were noted in the two experiments investi-
gated. This suggests that the mean flow properties compared
are not very sensitive to the collision models employed.
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Luigi De Luca Edward W. Price, and Martin Summerfield, Editors

This new book brings you work from several of
the most distinguished scientists in the area of
international solid propellant combustion. Forthe
first time in an English language publication, a full
and highly qualified exposure is given of Russian
experiments and theories, providing a window
into an ongoing controversy over rather different
approaches used in Russia and the West for ana-
lytical representation of transient burning.

Also reported are detailed analyses of intrinsic
combustion stability of solid propellants and sta-
bility of solid rocket motors or burners—informa-
tion not easily found elsewhere.

The book combines state-of-the-art knowledge
with a tutorial presentation of the topics and can be
used as a textbook for students or reference for
engineers and scientists involved in solid propellant
systems for propulsion, gas generation, and safety.
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